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ON A NEW PARTICULAR SOLUTION OF THE EQUATIONS OF MOTION OF
A HEAVY SOLID IN A LIQUID

V.N. RUBANOVSKII

The Kirchhoff-Clebsch equations of motion of a free heavy solid in a
fluid are considered under Chaplygin conditions /1/. The precession
motions of a so0lid are investigated in which the rotating part consists
of two rotary motions, the direction of rotation of the first is constant
in space, and the second is constant in the solid, the angle between the
two being constant. Means for finding precession motions of the solid in
fluid are indicated. A particular solution is given for the case when
the angular velocity components of the rotary motions are equal and the
direction of their rotation mutually perpendicular. This solution is
similar to that of Grioli problem of the motion of a heavy solid with a
single fixed point. The geometric interpretation of a solid in fluid,
defined by that solution is given.

1. Consider the motion of a free solid bounded by a simply connected surface in a homo-
genous gravitational field of force, unbcounded in all directions, in a homogeneous incompressible
ideal fluid. The fluid performs irrotational motion, and is at rest at infinity. We will
assume that there is a statically and dynamically balanced rotor in the solid that rotates
at consant relative angular velocity about an axis permanently fixed to the solid.

Let the weight of the fluid displaced by the solid be equal to the combined weights of
the solid and rotor. We denote by Ry, Pi, »; (i = 1,2,3) the projections on the axes of coordi-

nates Oux;2,. permanently fixed to the solid of the vector R of the angular momentum of
the system of gyrostat plus liguid (impulse force /1-3/), by the vector P its momentum
relative to the point O (impulse couple /1=3/), and by the vector % of the gyrostatic moment

of the rotor. The kinetic energy of the system has the form /1-3/

1
I .
T=-p N (aPPy=b R R, — 20 Pt a;=a,. bjy=by (1.1)
i, =1
where a;;, bi. ¢;; are constants defined for the particular system. The projections of ug, S
(i=1,2,3) on z; axes of the vectors of the translational angular velocity u and the
instantaneous angulay velocity @ cf the sclid are determined by the formulae
u, = 0T oR;. Q= 06T 0P, (i=1, 2. 3). (1.2)
Assuming the impulse force R (R = H- = const) to be directec¢ along an ascending vertical

line, we have the fcllowing eguaticns of mcticn of the system S1=3/:

dR,dt — Q3 — Q3R = 0 (123) (1.3)
AP, dt — Qu (Py =+ 2g) — Q3 (Py — 1) = u,Rs — uyR, =
ey — 3R, (123)

where e, ¢, €, are constant projecticns on the r; axes of the radius vectcr drawn from the
centre of mass of the volume bounded by the outer surface of the solid to the centre of mass
of the gyrostat.

The inertial motion of the solid, bounded by a multiply connected surface, in an unbounded
fluid, is alsc defined by (1.3} /4/.

2. We shall call the motion of a solid precessional, if its rotational part is composed
of two rotary motions, the first of which is fixed in space and the second is fixed in the
solid, and the angle between these directions is constant.

We shall describe a method of determining the precessional moticn of a solid in a fluid,
when the components of the rotary motion are constant.

We dencte by § the unit vector of the direction of the rotary motion fixed in space.

We assume without loss of generality that the rotary motion whose direction is fixed in the
solid takes place about the z; axis with the unit vector i, The unit vector of the pulsed
force R = Hv fixed in space is denoted by v. The vectors ¢ and v satisfy the equations
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dy/dt=y X Q, dv/dt=v xR (2.1)
v'=1, 9# =1, wv-9 = cosx = const, y-ig = cos 6 = const. (2.2)

Multiplying the first equation of (2.1) scalarly by i, and taking into account the last
of conditions (2.2), we obtain the relation is(y X ) =0, This implies that the vector
can be represented in the form

Q=¢'iy+ ¢y, ¢ = const, ¢$ = const. (2.3)
Substituting (2.3) into (2.1), we obtain the following equations for y and v;
Y=¢(yxis), vV=¢ (vXis)+VVX9Y). (2.4)

Integrating the first of these equations, taking (2.2) into account, we obtain for the
projections y; of vector 4 on the z; axis the expressions

v, = sin O sin @, Y, = sin B cos ¢, 3 = c08 6, ¢ = @'t + @,. (2.5)

To determine vector v that satisfies the second of equations (2.4) and relations (2.2),
we use the eguation

_ co8 0 sin % sin b sinxsin . sinxcosyp , - .
v._(cosu—,L Sin © )7_ SIn 0 3" Tino (¥ X is) (2.6)
where ¢ =9t + ¢, and ¥, is an arbitrary constant.
From (2.3), (2.5) and (2.6) and the equation R = Hv we have
Q =9 sinBsing, Q =v sinbBcosg, Q3=v"cosO + ¢ (2.7)
R, = Hcos x sin 8 sin ¢ + sin % (ces 8 sin ¢ sin ¢ — (2.8)

cos P cos ¢)l

R, = H [cos % sin 6 cos ¢ + sin % (cos 0 sin ¢ cos ¢ +
cos P sin )]

Ry = H (cos % cos 8 — sin x sin 8 sin §) .

Having determined £ and R, we obtain the vectors P and U from (1.2) and represent
ther in the tensor form

P=A.Q—C-R, U=C-Q-LB.R (2.9)
A=|4h=0a, C=|C;ll=0a ¢, B=|B, |'m
b—c*.a"l.c
a=Jayl® b=1b;0:% c=]e;l?®.
From (2.9), the equation R = Hv. and (2.3) and (2.6), we obtain

e sip % c0s 0 si
P= H*A—H(cosx-;—ﬂ%eﬂ-)cqf -

[T sin % si s §iD % cos P s
‘L(pA-rH—“lsiln-';—‘F-C]t g+ H-SEESE Gy x i)

[ i 0 si 1
U= ‘LWC'#H(COSX +£%O_S&)B LU
{qD'C‘ —H sms)icnsm ¥ B] s—H snn;ic:osw B.(y X iy).
From this we obtain for P;, u; the formulae

Py = (A;;5in @ + A ,c05 @) ¢ sin 0 + A5 (9" + ¢ cos 8) — (2.10)
C1H [cos x sin 8 sin ¢-+(cos B sin psiny—cos ¢ cos ¥) sin x)—
Cy:H [sin % (cos 6 cos @ sin $ + sin cos P) +
¢os x sin 8 cos @] + C;,H (sin x sin 6 sin p — cos x cos 6)
(123)

uy = (Cyysin @ + Cyycos @) ' sin 8 + Cy (¢ + Y cos 6) + (2.11)
B,H [cos « sin 8 sin @ + (cos 0 sin @ sin y — cos @ cos y)-

+sin ] + B, H [sin x (cos 8 cos @ sin ¢ +
sin @ cos y) -+ cos x sin 8 cos @] + B ;H (cos % cos § —
sin % sin 0 sin ) 123y

where the symbol (123) indicates that two other formulae are obtained from this one by permut-
ing the indices 1, 2, 3 of P,;, u;, and the first index of the constants Ay By, Ciy. The
prime on this symbol indicates that in (2.11) for C;, the second index and not the first is to
be changed according to permutation (123),

Substituting (2.7), (2.8), (2.10) and (2.11) for &, Ri, Py, u; into the second group of
(1.3) and stipulating that they are identically satisfied by ¢ and ¢, we obtain the required
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conditions for precessional motions of the solid in the fluid to exist.

3. Let
8 =n/2, ¢ =y =const, g =9 = @+ @,. (3.1)

In this case the conditions for precessional motions to exist have the form
BiHsinx =0, (Byp —By)Hsinx=0 (i,j=1,2,3; ig=j) 3.2)
[(Cyo + Co) ¢ + Yy (4B, cos x — B,y sin ) H] Hsinx = 0
[(Cas + Cy2) ¢ + (Byo5in x 4 2By,c0s x) Hl Hsinx = 0
{(Ce — C1)) ¢ + By — Byy) cosn +
Y,B,3sinx] H} Hsinx =0

8412¢° + 1(Cas + Cm) sin x — 4 (Cpy + Cy;) cos x] ¢ H +
(B,, sin ¥ — 2B,ycos x) Hsinx = 0

Ay9? — [(Cyy + Cy)) sin x + ((Co5 + Cyy) cos x] ¢°H +
(Bysinx cos x — Byg) H = 0

[(Cys + C32) @ + Yy (2By5 cos » — By, sin %) H] H sin x =
[:£3 H sin A, [(Cn -:— Cgl) q/‘. 4+ 1/2 (4B“ COS ¥ —
Bygsinx) H] H sin % = ~- 2esH cos » — 2ha9"

[Cys 4+ Cx) ¢ — (Bygsin x — 2B,5c08 x) H] Hsinx = 0 (3.3)
Aps97? + [(Ch + Cyy)sin x — (Cos + Cy) cos %} ¢'H —
Y, [Byysin 2x + By, (2 — 3sin®* %)) H =0

Agg¢™ + [(Cry + Coy) sinw — (Co3 — Cgy) cos n] ¢"H +
L, [2Bysin 2x + Byy (4 — Tsin? x)] H = —25,9¢".

241,42 — UCyp + Cyy) cos . — % (Cyg = Cyo) sin ] ¢'H —
Yy By sin % — 2B,5 cos »] H?sin » = ¢,H sin »

241,92 — (2 (Cyp + Cay) cos x — (Coy + Cyp) Sin ) ¢'H —
[Byy (2 — 3sin® ) — Bygsin « cos n] H? = —gH sin »

{(Cis + Cs)) ¢ + [(By; — Bss) sin » + 2B,; cos x) HY Hsin x=0 (3.4)
{Cis + C31) ¢ + (Byy — Bys) Hsinx] Hsinx =0
{(2Cas + Coyy — €1)) ¢ =+ [(Bypy — Byy) cos . —
Yy By sin x} H}Y H sin x = 2¢e,H cos » + 24,¢°
2 — An) ¢ = UCi3+Cay)sinx + 2(Cye — Cyy) cos wlg'HL
3o [(Byy — Bga)2 — 3 sin? x) — B,y sin 2»] H® = ¢, H sinn
(A — Age — Ays) §7° = [Cqy + Con — Cy) cos x + 3/ ((Cr5 +
Ca)sinn] ¢'H + Y/ [(Bgs — Byy)sin w — 2B, cos x| H? sin x=

(4

H (e;sin % — eycos %) — Agq’

(A — Ay + Aga) 7 — [(Cay + €y — Cop) cos e — 2, (C
Ca)sinn] ¢H + 1, (Bgy — Byy) H*sin? % = —e H cos v —
gy’

A g — [2Casinw + {Cys + Cay) cos ) ¢'H + 1, [(By; —
Byy) sin 2%~ 2By5 (2 — 3cos? )] H® = —e H sin #
Aa¢2 + [2(C,, — Cs3) sinwn + (Cy3 + Cgy) cos x) ¢'H +
[(B;;, — Bjg)sinx cosx +— VB3 (4 — Ssin®w)} H* =
—e3H sin x — 20,¢"
A, ¢+ [2Csinn — (Cy5 + Cyy) cos n] ¢°H —
1o [(Bsa — Bay) sin 2w —+ B3 (4 — 3 cos? »)] H? = —e,Hsinx .
From (2.2) we successively have
Byy=By3=By3 =0, B,, = By (3.5)
Cio +=Cyy =0, Cpg=Cyp = 0
e, =0. h =0.
When conditions [3.5) are satisfied equations (3.3) are identically satisfied.

Let us now consider (3.4), taking (3.5) into account. Adding the fifth and sixth eque-
tions term by term and taking into consideration the first and fourth, we obtain

e; = 0. (3.6)
The last two equations are compatible only when the condition
;=0 (3.7)

is satisfied, When conditions (3.6) and (3.7) are satisfied, the seventh equation, which is
the corollary of the first, third and eighth, and the first two eguations are the same. Now
when conditions (3.53)—1(3.7) are satisfied, (3.4) reduces to the following equations:
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Ay = Cypfisin x (3.8)
(Cis + C31) @ = (Bys — By) Hsinx, (Agy — Ay) ¢ = 3.9
(C1s + Cy) Hsinx
(Cas® — e3) Hsin x = (4138 + 1) @', (C339" — ¢,) Heos x = (3.10)
(A + 2 9.
From (3.8) and (3.10) we have
[(A1s¢" + M) + (Aasg” + 2% At = p? (4550 + M))° 3.11)
AR’ 4 A A
gn= ::I - H= L‘gs:nx (3.12)

where p = el is the product of themass of the fluid displaced by the solid and the distance
from the centre of mass of the gyrostat to the centre of gravity of the volume bounded by
the outer surface of the solid.
From (3.9) we have
(Cis + Cyy) = (A, — A4,,)(Bsy — By)) (3.13)

c_ M(Cus+Cy)
V= T A=A (3.14)
Substituting (3.14) into (3.1ll) we obtain

[Css (Age — Ayy) + Ay (Crs + Cy))? Cyst (Ape — A pr = (3.15)
{ICss (Agp — Ayy) + 435 (Cra + Cg))P 4,2 +
(4 33 (cn + Cal) 7‘1 - Css (A22 - An) 7‘3]2} Axaz (C13 + 031)4}‘12 .

wWhen conditions (3.1), (3.5)—{3.7) are satisfied, formulae (2.8), (2.10), (2.7), (2.11)
and (2.5) take the form

R, = H (cos xsin ¢ — sinx cos® ¢), R, = —H sinxsin ¢ (3.16)
R, = H (cos» + sinxsing)cos ¢, ¢ = ¢t + ¢,
P, = (4,3 + A, sin q) ¢" — [Cy, (sin = sin ¢ + cos ) cos ¢ —

C,s8in z sin ¢] H
P, = A, ¢ cos ¢ — |C}. (cos % sin ¢ — sin xcos® ¢) +
Ces sinx sing] H
3 == (A3 = Aqs8in ¢)¢" = [Cyy (sin % cos?¢ — cos % sin ¢)
C,; (sin # sing + cos #) cos ¢ — Cy; sin % sin ¢l H

Q =y sing, Q=q¢ cosq, Q=g (3.17)

u, = (Cs; — Cyoc0s §) ¢ = By H (cos » sin ¢ — sin cos? ¢)

Uy = (—Cys — Cro8in ) ¢" — By H (sin » sin ¢ — cos %) cos ¢

Uy = (C33 =+ Cpasin ¢ — Cyyco08 ¢) ¢" — By Hsin z sin ¢

Y, =¢8iD¢, yp=cosq, y;=0. (3.18)
The expression for the system kinetic energy, taking (1.1}, (1.2), (2.9), and (3.5) into
account can be represented in the form /2, 5/
2T=Q.P+uR=Q.4.Q+-R.B.-R= (3.19)

Anfh? L+ AogQp®+ A58 + 24150 Q5 +~ By (Ry* - Ry?) - BgyRe?

Let us restate the results obtained so far. If the kinetic energy of the system of
gyrostat and fluid has the form (2.19) and conditions (3.5) and (3.6) are satisfied, equations
(1.3) have the solution (3.16), (3.17) in which the constant ¢' is determined by (3.11), the
constants x and H are calculated using formulae (3.12), and the parameters C,s, Cs, Css, 4,
Az Assy Agsy By, Bss, A1, A3, p are connected by the relations (3.13) and (3.15). This solution
defines the motion of the solid whose rotary part is in regular precession about an axis
fixed in space. The projections of the unit vector ¥ of that axis are determined by (3.18),
which makes an angle x with the ascending vertical line, and the spin occurs about the axis
which is parallel to the z; axis and orthogonal to the vector ¥.

When X, = Cy; = Cy3 = €13 = C4y = C33 = A}y — Apy = B, = By, = 0 this solution becomes the
Kharlamova solution /6/ for the prcoblem of a heavy gyrostat with a single fixed point and,
when 2, = 0, the last one becomes the Grioli solution /7/.

Remark. 1In the solution indicated here, we can, without loss of generality, put B, = 0.
Indeed, (1.3} do not change, if in (1.1) the coefficients t;;— & are substituted for & (i =
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1, 2. 3). when the constants Bj;;, by virtue of (2.9), take the value B;;— b. Setting &= B,

we obtain the required result. Mechanically this means that in the motion of the solid con-
sidered here, the constant translational motion with velocity U= PR in the direction of the
vertical line is rejected.

4. We shall now give a full geometric interpretation of the motion of the solid in the
fluid, as defined by the solution indicated for B,, = (0. The use of the apparatus of the
cross-product calculus is convenient for this /8/.

We denote by V the kinematic helix defined by the formula (3.17), and represent it in
the dual form V= Q + wU, where o (®?®=0) is the Clifford number. For the dual modulus /8/

V of the helix V we have the expression V = ¢ V2 (1 + Y,Css0).

Let T =9 + oy be the unit helix of the straight line fixed in space and having the
direction of the vectecr y. For T’ we have the equation

'+ VxI'=0, I=1.
Separating here the moment part, for the determination of the vector 4° with projection
15 V¢ v+, we cbtain the equation
Y+ X¥+uxy=0, y9°=0.
Taking into account (3.17) and (3.18), we obtain
¥° =Y, [Cs + py — 4Chac0s ¢ + (Coa — pa) sin 2¢ + (Csy + ¢.1)
) cos 2¢]
Vo' = Yy l=Cps 4 p, + 4Cppsin ¢ — (Cyy — py) sin 2¢ +
(Cos — pq) cos 2¢}
Vo' = Yol 2Css — (Csy — W) sin ¢ + (Cos = n,) cos ¢,
P =6t
where u,;, p, are arbitrary constants.

We denote by A4 = a — wa® the dual angle /8/ between the axes of the helices V and T,
where a is the angle between the vectors § and ¥, and o« is the distance between the axes
of the helices V and TI. Let us compose the scalar product of the helices V and T

VT=Vcord, V.= 9y -0y ~uy (4.2
Veosd = ¢ 1'? (1 — 1,Cysw){cos o — wa’sin a).

Separating in (4.2) the principal and moment parts, we have for the determination of a

and o° the equations

Qy=¢ 1T cosz, Q3 uy=¢ VI (04 co8 % —asinw)
or taking (2. 17;, (3.18), (3.%) and (4.1) intc account
ot c 1 5 - o ~ .
n=—s, 4 == — == [Cyn — (Cg1 — W) sing -= (Cag — ta) cos .
Setting py = —Cgq nd up, = C,3 we finally obtain
a =11,  af = =1 ,Cs. (4.9)

Let us take any point M of the sclid defined by the radius vector r (z;.7,. 73) and denote
by E =1, — wiy. i =1 % i; the unit helix of the straight line which passes through the
point M and is parallel to the 1z axis. We further denote by B = f — wf® the dual angle
between the axes of the helicies V and E, and compose the scalar product of the helices V¥
and E

V.E=VcosB, V-E=Qi5— &(Q-is°+ u-iy) (4.4)
Veos B =¢ 12 (1 + Y,Cs30) {cos B — ©B° sin B)

Separating in (4.4) the principal and the moment parts, we obtain for the determination
of P and P° the equations

Q.iy=¢ 12 cosB, Q.ig° — u-ig=@ V2 (}:Ls 05 p— B°sin §)
or taking (3.17) and (3.9) into account

¢ = ¢ V2 cos B, ¢ [Cay+ (2 — Cy)sin @ — (z; —
Cy3) cos gl = ¢ (V3C35 — B°)

From this we have
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B="1Yam, B°=—1ICss+ (2; — Cy)sin ¢ — (z; — Cyy) cos ¢].

Setting #; = Cys, T, = Cy,, we finally obtain

B =1, B°=—1Cs. (4.5)

By virtue of (4.2) and (4.4) the helix V can be represented in the form of the geometric
sum of two helices

V=V ({T'cosA + E cos B) (4.6)

the dual moduli VcosA and Vcos B of which are constant.

From (4.6), (4.3), and (4.5) we see that the motion of such a solid consists of two
helical motions with unit helices I'and E and constant dual moduli. The axes of these two
helices are orthogonal to each other and the distance between the two is constant and equal
to Cjs. The helix V is at constant dual angles tothehelices I' and E, hence, when the
solid moves, the axis of the helix V describes in space and in the solid the same one-sheet
hyperboloids, whose axes of symmetry are the axes of the helices I and E.

We denote by L and N the points of intersection of the axis of helix T X E with the
axes of the helices T and E, respectively. The coordinates of the point N are z;=C,,,
zy = Cyy. 2, = Cp3. We introduce the fixed system of coordinates Ly,y,ys whose ys axis coincides
with the axis of the helix I, The one-sheet hyperboloids are defined by the equations.

Y+ Yt = Vil + it 4.7)
(# — Casl + (1 — Ca1)* = Y, Cys® + (x5 — Cra)*. (4.8)

The motion of a solid in a liquid defined by the solution (3.16), (3.17) may be represented
as the result of rolling a one-sheet hyperboloid (4.8) fixed to the solid over an identical
fixed hyperboloid (4.7) around a common generatrix at a constant angular velocity ¢ V2,
and its sliding along that generatrix at constant velocity Y, }V 2Css¢

As Cg3—+0, the hyperboloids (4.7) and (4.8) in the limit transfer into their own
asymptotic cones with a common vertex at the point N (Cy3, Cy, Cpp). The motion of the solid
occurs so that the cone attached to it rolls over the fixed cone at constant angular velocity
¢ Ve

A similar geometric representation of the motion occurs in another limit case, when the
density of the liquid approaches zero. The problem of the motion of a heavy solid in a fluid
then becomes the problem of the motion of a gyrosat with a single fixed point, and its solution
reduces to Kharlamova's (Ag5 0), or Grioli's (h; = 0).
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